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VII. On Cmtrvpetal Forces. By Edward Waring, M. D. 
F. R. S. Profejfor of Mathematics at Cambridge. 



Read January I o, 17S8. 

P R O P. I. 

I. Y ET a curve P/N (Tab. II. %. i.), of which the per- 
J,^ pendiculars to the two nearefl points P and p of the 
Curve are PO and pO, and confequently O the center of a 
circle, which has the fame curvature as the given curve in the 
point P ; draw PY and ty tangents to the curve in the points P 
and p ', from S draw Sjy and ?)hY refpeftively perpendiculars to 
the tangents ly and PY ; and let S^Y cut the tangent ly in h ; 
then will ultimately AY ( - P) be the decrement of the perpen- 
dicular SY = P ; and the triangles IhY and PO/^ be fimilar : for 
the angles PO/ and hlY are equal, and the angles lYh and 
OP/ right ones; therefore PO : P/ :: /Y ultimately = PY : Yh 

decrement of the perpendicular, whence P/ = — — — ~ — — - — . 

1.2. Fig. 2. and i. The force in the direftion PS is as the 
ultimate ratio of 2 x QR (the fpace through which a body 
is drawn from the diredion of its motion in the tangent in a 
given time towards the center of force) ; but ultimately 2QR = 

^~-) where QP is as the fpace defcribed in a given time, and 

confequently as the velocity (V) of the body at the given 
point P, and PV the chord of curvature in the dlre£lion SP. 

K z 1.3 
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68 Dr. Waring on 

1.3. The increment (Pp) of the (pace divided by the velo* 

city V is ultimately as the increment, of the time, and 

= the increment of the velocity (V) divided by the force 

— X — ill the diredtion of the tangent, that is, — = 

PV SP t) ' > y , 

y.lIXii!E ; for P/ fubflitute li^ and there refults zlill? 
aV'xPY ^ PY ' PYxV 

-iiiZyjil!; andconfequentlyZ:-4^o = i;but!L£!Y= SY 

"" 2V"xPY ^ -^ SPxPV V 2PO 

=:P, whence —-^i ^^"^^ V= -, where a is an invariable 

quantity. 

Cor. Since V x P, that is, S Y the perpendicular multiplied 
into the velocity (which is ultimately as P/» the fpace defcribed 
in a given time) is ultimately as the area defcribed round the 
center S in a given time ; but this reftangle =: ^, a given 
quantity; therefore the area, defcribed round the center of 
force S in a given time, will be a given quantity, and thence 
in unequal times will be proportional to the times. 

1.4. The fagitta QR is ultimately as the force, when the 
time is given j and when the time is not given, it will be as 
the force into the fquare of the time ; from which expreffion, 
by fubftituting for QR and the time their values, may be de- 
duced feveral others. 

Sir Isaac Newton has demonftrated this propofition with 
the greateft fimplicity; and this is given to (hew, that the 
fame propofition may be deduced from different principles. 

PRO p. II. 

I. Fig. 3. Given the relation between SP' the diftance from 

a point S, and SY' a perpendicular from the point S to P'Y, a 

line touching a curve in the point P'; to find the relation 

I between 
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between S^' and Sy (a perpendicular from the point S top'y, a 
line touching the curve in the point j&^); in which twocursres 
PP^L and pfl, the forces and velocities at any equal diftances 
SP and Sp are equal, and confequently the perpendiculars SY 
and Sy, at the above-mentioned equal diftances SP and S^ are 
to each other in a given ratio N : n. 

In the equation expreffing the relation between SP^ and SY*" 

for SP' and SY' write refpe£livelj S/ and - -^ ^ , and there re- 

fults the equation fought : for the diftances SP and Sji' being 
equal, the perpendiculars SY' and Sjy' are as N : n, 

Ex. I. Let S. be the focus of a conic fedtion, then will 

le x._H_==SY' = P% where T and C denote its tranfverfe 

and conjugate axes, and D the diftance SP; for P writis 

— x/>, and there refults the equation J C x ,--~- = -j- x j^V 

which is an equation to a conic fedlion of the f^me name {yi%^ 
ellipfe, parabola, or hyperbola) as the given curve, of which 

the tranfverfe axis is T, and con j'u gate =::-—^,. and' perpendi- 
cular from the focus to the tangent =:p.. If T and C are infi- 
nite, and confequently the curve a parabola, and the equation. 
J L X D = P% then will, the laius rediiim of the refulting equa*^ 

tion be —2— 

Ex. 2. Let S be the center of the logarithmic Ipiral, then 
will the equation be <? X SP = « x D=SYr=P,- and confequently 

the refulting equation fl xD=:— xj&, whence^ x l> ~ p an 

equation.to a logarithmic fpiral having the fame center. 

Ex. 3. LetT and C be the femi-conjugate axes of a conic 
fedion, and S its center; then will the equation expreffing 

the 
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the relation beivveeu the dillance D and perpendicular P be 

D'~5- ~T r±:C^; for P write as before — , and there re- 

? n 

■fults the equation D* =^ ^^— 5-^=:T*=±:C% an equation to a conic 

feftion of the fame name, of which the tranfverfe and conju- 
gate diameters are refpeftively two roots (.Jf) of the equation 

jff*:i-—-? = T^=5re, becaufe in this cafe d = D. 

The fum or difference of the fquares of the tranfverfe and 
Conjugate diameters, in all the refulting equations, will be the 
fame. 

Cor. In every equal diftance, the chord of curvature paffing 
through the center of force is the fame ; for the forces in that 
direftion, and the velocities at every equal altitude are the fame. 

PROP. IJI. 

I. Fig. 4. and 3. Given an equation A=:(3, expreffing the 
relation between the abfcifs SM=a? and ordinate MP=;'; to 

find the equation expreffing the relation between SV = s/ x'' -k- y" 
and SY = P, the perpendicular from S on the tangent PY. 
From the equation A = find x = Bj, which fubftitute for x 
in the equation (i^+j^)^ x Vrzxy^zxy deduced from the fimilar 
triangles P/o, MTP, and STY, where lo—x and Po=j)/; let 
the refulting equation be Q = 0', reduce the three equations 
A=o, C = o, and :t^ -f / =r SP' = D' into one, fo that the un- 
known quantities x and_y may be exterminated, and there re- 
fults an equation expreffing the relation between D and P. 

Cor. Hence from the equation expreffing the relation be- 
tween X andjy, the abfcifs and ordinate of a curve, can be de- 
duced an equation expreffing the relation between the diftance 
SP and perpendicular SY ; and from the equation expreffing, 
5 the 
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the-relation between the diftance SP and SY can be deduced 
an equation expreffing the relation between the diftance S^ and 
perpendicular Sy from the point S to the tangent py of a 
curve, whofe force and velocity at every equal diftance is the 
fame as in the given curve, but the direftion different. 

2. Given an equation Krro expreffing the relation betv/een 
SP=:D and SY = P ; to find an equation expreffing the relation 
between SM = x and PM =:y, the abfcifs and ordinate of the 
fame curve. 

In the given equation K = <? for D and P write refpeftively 

^x'' +y and - j~— i and there refults a fiuxional equation 

L — (? of the firft order, of which the fluent expreffes the ge™ 
neral relation between x and y. 

Cor. If in the given equation for P be wrote ?/P', there 
refults the equation K''=:o, which expreffes the relation between 
the perpendicular S)' = P'' and diftance S/=D^ of every curve, 
which at equal diftances has the fame velocity and force tend- 
ing to S; reduce the equations K'rro, D^s/x' +y'^ and 
jiY ■_ y x—xy .^^^^ ^^^^ ^^ ^j^^j, -p ^j^^ p/ j^ i^g exterminated, 

^ X + j 

and there will refult the fame fluxional equation of the firft 
order, expreffing the relation between x, y, and their fluxions, 
whatever may be the value of n. The general fluent of this 
fluxional equation contains the relation between the abfcifs and 
ordinates of all curves, which have the fame force and velocity 
at the fame diftance as the force and velocity in the given 
curve. 



PROP 
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P R O p. IV. 

1. Let a body move In a given curve PH (fig. 5.), of which 
the velocity (y) at any point P is given : and let the forces 
f'\I"'-> &c. tending to all the given centers S'', S^"'', &c. 

(except two S and S') be given; to find the forces / and/^ 
tending to the two points S and S'. 

Draw a line PO perpendicular to the tangent y?y' ; and 
from the given centers S, S^, S^^, &c. draw lines S/ and Sy, 
ST and S>', yi" and %"y\ &c. , perpendicular to the 

Hues PO andji/Py, &c. ; then will pQ=/x ii±/ x -7"=^/'' x , 

-— liz&c. (where PO is the radius of the circle having the 
PS" ^ 

lame curvature as the curve in the point P), and -^^^^/x 

~±/x -^; =fc: &c. (where A denotes the arc of the curve PH) ; 

from the data may be deduced all the quantities contained in 
the above mentioned two equations, except/ and/ ; and con- 
fequently from the two given fimple equations be deduced the 
forces fought/ and/''. 

2. Let the velocity of the body moving in the given curve 

be fuppofed always uniform ; then/x ~^f x — "^f' ^ —77=!=' 

1.0 J. o xo 

Sec. ~o, 

Ex. Let the curve HP/ be an ellipfe, and the two foci S and 

S^ the centers of forces ; then will/x ~=f^ x rp, but the angle 

SP_)' = STy, and confequently -^ = ^ and /=/''; but fince 

^=fx%+fx%=zfx%,znd v = a, then will/=4^ 
po -^ sp ^ sp ^ sp' ' '^ zSyxPO 

be the force tending to each focus. 

In 
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la thefe and the fubfequent cafes the lines P/, Vy\ Vy'\ 
t&c. are to be taken negatively or affirmatively, as they are 
fituated On the fame or different fides of P ; and in the fame 
manner the lines ?/, P/'', VI" , &c. are to be taken negatively 
or aiffirmaitively as they are fituated on the fame or different 
fides of the tangent yVy\ &c. 

3. Let the centers M, M', W, M.'", &c. of forces bs 
ijpolnts not fituated in the plaiie of the given curve HPI, &c. 
and the forces f"', J""-, &c. tending to each of the centers 
'W''> ^""■i &c. (except three M, M', and M ') be given 5 to find 
the forces/, f\ and/^'' tending to thofe three points M, M', 
and W. 

Draw "MS, M''S^, M'''S'''', &c. perpendicular to the plane 
HPI, &c. from the above-mentioned points, and afllime the 

^ *.' r. MS . y./ ■ M'S' _^r„ M"S" 

M"'S"' 

^I"' ^ - j^»,s.,z^s,»p. - + &c-=g, and the two preceding eq\ia- 
tions^^ =:/x ,^,=fc/' X ^, rf= r X ^^ &c.and Zp. =/x ?/-. 

, PO '' PM *' PM' PM" A- ■^ PM~" 

Pv' Pv" 

^' ^ vW~-f" ^ PM^~^^' ' ^^°^ *^^ ^^^^ ^^^ be found all the 
quantities/'^^, /'"'''', &c. ; and confequently from the above 
inentioned equations may be deduced the forces/, f\ and/^'. 

4. Let the body move in different planes, that is, in a curve 
of double curvature at the fame points ; draw PR a tangent to 
the curve at the point P, and PQ an arc of the curve of double 
curvature ; draw alfo two planes PRV and PRT, cutting one 
another in the line PR ; from the point QJet fall QV and QT 
perpendicular to thofe planes refpe£lively, and from the points 
V and T draw Wv and T/ refpe^tively perpendicular to the 
line PR; let v be the velocity of a body moving in the given 

VoL.LXXVIlI. L curve 
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curve at the point P, and affume ^= 2C and 7^^= 2G^ refpec- 

tively ; from the given centers of forces M, M^, M''', W^^^ 
&c. draw MS, MS% M''S^', W"^"\ &c.; Mj, M'/, Ws'\ 
y\!''s"\ &c. refpeftively perpendicular to the two planes RPV 
and RPT; and PL and P/ perpendicular to the line PR in the 
fame two planes RPV and RPT ; and alfo SP, S'P, S'T, S'^T, 
&c. ; ^P, /P, /'P, &c. : from the points S, S^ S'', S''% &c, 
J, /, s'\ &c. draw the lines SH, S'H^ S'<H", S^'^H''^ &c» 
J/&, %'h\ s"h'\ i"'b"' ^ &c. refpedively perpendicular to the 
lines PL and P/; and SK, S'K', S^'K^^ %"'Y."\ &c. sk, s'k\ 
s"k", s"'k'" , &c. perpendicular to the line RP j and let the 
ioxzt%f"',f'"\ he. tending to all the points W\ U!'", &c* 
(except three, M, M', and M''') be given ; then from the three 

■J" PH w. PH' rf PH" r„ -» J »» 

given equations -=:—x/±—x/±j^x/'=t &c. and - 

~MP ''MP -^ M"P •' A- MP ' M'P 

::^&cc. which contain only three unknown quantities, can be 
deduced the forces ^i /', and/'', required,, tending to the 
points M, M', and M". 

p R o p. V. 
Let a body a£led on by forces tending to any given points 
S, S', S", &c. move in a given curve, to find its velocity m 
any point of the curve. 

Find the fluent of the fluxion (/x||=t/' ><%^f' x g^;=i= 

j'"x^L^,^ &c..) A=fB^fD'^fD^'± &c. = - vv when 
the forces ate all contained in the fame plane j or the fluent o£ 
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if^'m-f ^ m-f^' "" p¥'-^^-) ^ ^ (^^'^ contained iu 
different planes) =/x PM=fc/' x PM^ =!=/'' x PM^' d- &c. « 
/x D=i=/' X t>'=i=J''' X D^'rfc&c, ; but fince /, f\ f'\ &c. are 
given funftions of the quantities D, D', V>" y &c. the fluents 
of /x D, /'' X D'» f'^ X D'', &c. can be found ; which, when 
'properly corre6:ed will be as — = | the fquare of the velocity In 

any point P. A denotes the arc of the curve, and D, D', D^', 
&c. the relpe^tive diftances of the body from the centers of 
forces. 

Cor. The increment of the time of defcribing any arc of 
the above-mentioned curve will be as the increment of the 
arc = A divided by the velocity found above, and confequently 
the time itfelf will be as the fluent of it properly correded. 

p R o p. VI. 

1. Let a body move in any curve, and be aded on by forces 
tending to any given points, S, S% S''', S''^, &c. ; all of which, 
except the forced tending to the point S, let be given, to find 
f the force tending to S. 

Let Sy, S'jy'', S'y ', &;c. be perpendicular to the tangent Py 
of the curve at the point P; refoive the fbrces/i f\f'\ f^'\ 
&c. tending to S, S^ S^', S''^, &c. refpedively into two forces, 
of which one a(9:s perpendicwlar to Py, the other, S/, S'f , 
S'T'', &c. perpendicular to PO, which is ^jcrpendicular toPyj 
let PO be radius of the circle of the fame curvature as the 
curve, and v the velocity of the body at the point P j then 

L 2 i chord 
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i chord of th.g circle of ciarvature, which pailes through S,, 
write C ; aiid for PO x (=i=/^ x ||=t:/'' >f p^'=±=&c.) fubftitute- 

% and for g write B ; mii foi? =±/' x ?^ =±=/'' >« K + &c- 
fubftkute D^ arrd the two preceding equations become "u* =• 

/xC-i-H and -vv = (Bf+D) A, where A denotes, as be- 
fore the increment of the arc of tbs curve ! from the, firft 

• • • 

equation w=^^^ — = - (BTA + DA) and confequently 

C/'-|-(C + 2BA)/+H + 2DA = o, from which fluxional equa- 
tion may be deduced the force f tending to the center (S) 

= — C""' X e -^ ^ X /"(H + aDA) x.f-' '^ , where e is the 

number, whofe hyper, log. = i . 

Gor. Fig, I- 'Lttf\f\f'\, See. be each =0, then will 

D=:(?,, H=(?j and confequently /'(aDA + ft) x^'^ '^ » 

/2BA_ gBxS>'xP0 _2S^ 

aC-^ xe J ^3 ; whence/— g ^ " ■ as is generally known, 

where /i denotes an invariable quantity. 

Cor. The force / being found, the fquare of the velocity 
may be deduced from the equation 'U"=/xC + H, and the 

time from the fluent of the fluxion _ — ,, ^ . 

* V/xC+H 

3. Let the body move in a curve of double curvature, and 
let the forces/'', /'"", &c. tending to all the points M'', M"', 
&c. (except two, M and M') be given; to find the forces 
tending to the points M andM',. 

Afl'nme- 
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Affume the three equations before given in Prop. 4. <y/s- 

Sl^SExZ-rfc^S^x^rfc^'x /•-=!= &C t. - ^ xf-^VL ^ f^ 
C ~MP -^ M'P -^ M"P J C'-MP -'— M'P J"" 

PA" /-// 1 . /PK /•_. PK' r, PK" /v/ 

— x/-^&c.and -^^=(_x/=i.— x/.i=-_ x/^^=fc 

Pi Pi' ■ 

&G. = — x/=t=^ x/'=s= &c.) X A, from the two former may be 
deduced the equations w = «/"+ jG/"' +/« +7 ''jQ + y, and wzz:; 

«j+/3/^+>+/^/3'^ + /, where « = ^, /3 = =fc ^^',. 

_^ - ^ /PH"x/" PH"'x/"' 5,„N / Q,'y.Yh >,, _^ 
^ = =^i C (-^.=t._^j^ =t: &C.) ; «. =-^^, /3 ==^. 

_^_, /=-ie(-^jP^-:_^^^&c.), Whence may 
be derived the two equations af+(2j'-^fcc+f'(3+y = o(f+- 

rt&C. =&C.) xA» 

Reduce thefe two- equations to one, fo that f% f"\, Sec. and 
their fluxions, may be exterminated, and there refults a 
fluxional equation of the formula H/ + K/+L/'+M = o^, 
where H, K, L, and M, are functions of one of the before: 
mentioned variable quantities (for example, MP = W) which, 
may be fuppofed to fl'ow uniformly, and its fluxion.. 

PROP. VII. 

I. Fig.. 6. Given the force tending, to any point S, the velo- 
eity and dire(5lion of the body ; to find the curve defcribed. 

Let the body adled on by a force f tending to S, at the dif- 
tance D' from S be proje6:ed in the direction P'Y',, with a 

7 velo>" 
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velocity H ; and let the perpendicular from S to the tan- 
gent F'Y' he A; frdrn the general fluent of ^x D, where 
D denotes the diflance from S> and _/ is a fnn(5tion of 
D, propeiiy coirculed find its velocity V at^ diftance D, 
and coiji'cquently the perpendicular SY from the center S 
to the. tangent FY at diftance DrnSP, which will be 

^ =SY; but i\ and H are given quantities, and V a known 



V 



funaion of D; therefore SY and v/Sr(U^) -SY' = PY will 
be known fundions of D; and from the fimilar triangles 

SPY and PQT may be deduced PY : SY :: PT*D : QT, 

D X SY • ' 

and confequently SPxQTsDx-^Y- (which is a known 

fun£lion of D multiplied into D) will be as the increment of 
the area delcribed round the center of force, of which the 
fluent properly correfted is proportional to the area defcribed 
round the center of force^ and confequently to the time. In 

like manner^ •'■" •"■'- = ^ (proportional to the increment of the 
' JJ X FY sp ^^ ^ 

angle defcribed by the body round S) is A fundion of D mul* 

tiplied into D, of vvhicli the fluent properly corre6l:ed, or angle, 
will be as a fundlion of D* x^ 

1.2. Fig. y. Given the above-mentioned force, &c. ; to find 
an equation exprefling the relation between the abfcifs SM = :e 
and ordinate MPtsjr af the curve defcribed, and their fluxions. 

From the fimilar triangles Vpo and LPM can be deduced 

po^y : oP=jf :: PM = v • LM ==■''-; but LM=±:SM=-?!^=i=Ar =» 

i j 

^''-''y — l^S; and confeqnently ?/ 1= \/x'* +j/^ : po=y :: LS — 

yf^ : SY«-^=£; but SY is a funaion to be deduced 

S as 
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as above of SP = v/;t!'+_y% whence the fluxlonal equatioii 

2. Fig. 8. Let a body be afted on by any number of forces 
(^f,f\f^\f'/\&cc.Ym the fame plane tendmg to the given 
points S, S', S'', S'''', &c. ; to find an equation expreffing the 
relation between SP = D and S'P = D^, and their fluxions, 
where P is a point fituated in the curve which the body 
defcribes. 

Suppofe YP a tangent to the curve at the point P, and PZ 
perpendicular to it; and refolve all the forces tending to S, S', 
S'^, &c. refpedively into two others ; one in the diredion PY, 
and the other in the direSiion PZ;, fubftitute for SP, S'P, 
S'T, S''T, &c. refpeaively D, ir, D'^ D''% &c. ; and fuppofe 
SY, S'Y^ '$,"Y'\ S'''Y"',&cc. perpendicular to the line PY; 
then will the triangles PQT and SPY, PQ'T' and STY' be 
fimilar, where PQ denotes a very fmall arc, and Ql'' and 
QT'' are perpendicular to the lines SP and ST; hence PQ = 
PTxSP DxD PT'xS'P i)'xD' J r ,i r>v n\7/ 

-pY - = TT" = ~Ty'~' = "Pr" ' ^"^ confequently PY : PY^ 
:; DxD : b^x D'; and if the quantities D, D^, D and D' 
are given, the ratio of PY : PY' will be given; which being 
given, together with the line SS'rr^?, the lines PY and PY', 
SY and S'Y', can be found ; for, drawing SL parallel to PY, 
and meeting S'Y' in L, let PY' = wxPY, then YY' = 
{m=t:i) PY = SL, SY=:^(SP-FY^) = y(D^~PY^), S'Y' 
= y (S'P^ - PY'^) = (D'^ - np X PY^), LS' = S'Y'=tSY * =h 
^(D'^~«TY^)=i=v/(D^-PY^); and SS'^-SL=4-LS'' an 
equation in which all quantities (except PY) are given, and 
confequently PY is determined by an equation, which will be 
a quadratic ; but PY behig found, from thence PY', SY and 

S'Y^ 



8o JDr. Waring on 

S'Y^ may be deduced, which are conftquently all fundlons 
of D, D^, D, D'', and invariable quantities; and their 
fluxions VY'r SY, and S^Y^ funaions of D, D', 
D b'', D, and D' : from the fimilar triangles before given 

SV : PQ = ^ :: PY : 5P - PQ the radius of curvature 

FY SY 

her.ce PO is a fundion of D, D^, D, D^ and D', if D = o ; 
and from D, D^, SS', D, t)\ and the point S''' given in pofi- 
tion can be determined S'T, S^^Y'' and PY'' ; for let S"^ = C 
be drawn perpendicular to SS' = a, and S^ = ^ ; then will S/ (if 
P/ be a perpendicular from the point P to the line SS'') = i: 

^li^li^, and S7= d=f!±5^; and P/=^/(SP -S^), and 

S'T = v/(,(3=±=S/)' + (C±P/)') ; draw S''Y^^ perpendicular to 
.the tangent PY, and cutting the lines SS' and SK parallel to 

VY m itnd n reipe£tively .j then will oh = — (PY±Fr)=^ — ' 

S"ozz^^^^ ; (and from the fimilar triangles S^'^cA and Son)on=. 

(b^ob)>i^\ whence S''Y'' = =!=S'^o=to«=i=SY will be a 

known fundion of D, D', D and D'', and invariable quanti- 
ties : the fame may be predicated of fimilar lines drawn to the 

PY PY' 

centers S'^^ S"'\ &c.; and confequently {fx,~^f'x~ 

.-i-//'x|^*/''x^,=i=&c.)xA (where A, as before, de- 

iiotes the fluxion of the arc of the curve) =/x D =!=/'' x D'=i= 
f'^xl)"'^/^'''x !)■'■"' :±:&c.= -w, if -y denotes the velocity; 
but ^sf,f,f\f'\&cc. are funftions of D, D^ D^ D'^', 
&c/refpe£lively, the fluent of the above mentioned quantity 
/D=fc/'D'=!r/''D":d=&c. can be found in terms of D, D', 
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D^', D% &c. from the fluents of the fluxions/D,/''D', &c.; 
and confequently in terms of D and D', which let be Z, then 

willZrrZ^^i but ^^=-2Z = P0x(/xg±/xU'-/'' 

x -^rT^-±:.f'" X -77/75-— &c.) 3 fluxional equation of the fecond 

order expreffing the relation between D and D', and their 
fluxions. 

2. To find an equation exprefling the relation between 
a;=:SM and y-=M^, where SM {x) is the abfcifs beginning 
from S and continued in the line SS', and MP (;y) the per- 
pendicular ordinate of the curve defcribed by a body adled on 
by the above mentioned forces : in the fluxional equation 
found before for D and D' and their fluxions fubflitute 
(;e*+/)i and ((SS^=i=;v)''+jv'')i and their fluxions, and there 
refults the equation fought. 

Cor. It eafily appears, that the general fluent may contain 
two invariable quantities to be alTumed at will, or according to 
the conditions of the problem ; that is, at a given diftance the 
velocity and the direction may be aflumed at will, and confe- 
quently the general fluxional equation exprefling the above 
mentioned relation will be of the fecond order, if no fluents 
are contained in it. 

Cor. From Py and Pjy', and the points S and S' being given^ 
can eafily be deduced geometrically the direftion of the tan- 
gent and the lines Sy, Sy', &c. ; for divide the line SS^ in r, 
fo that Py=i=Py : SS' :: Vy : Sr, and through r draw the line 
P/", the perpendicular to Pr through P will be the tangent 
jypy ; to this line the perpendiculars from S and %' vi^ill be the 
lines Sy and Sy required. 

Vol. LXXVIII. M Cor. 
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Cor. From the fluent of the above-mentioned fliixlonal 
equation may be deduced the velocity V in terms of D and D^ j 

and from the fluent of - — —, which is a fundion of D mul- 

tiplled into D, may be deduced the time. 

3. If the plane in which the body (P) moves, and all the 
fovces f\f',f, &c. tending to points M', M'^, M% &c. not 
Situated in the fame plane (except one f tending to a given 
point M) be given , then the force tending to that point can be 
found, and the curve defcribed. Refolve all the forces tending 
to the points M, M', M'', M'^'', &c. into two others j one MS, 
M' S, M"S, M'^'S, &c. perpendicular to the plane in which the 
body moves, and the other SP, ST, S^T, S'^T, &c. in the 

plane ; then will/x ^^^d^f ^j^^f x ip;p-=t^&c.= 0, from 

which equation / the force tending to the point M may be 
found ; then, from the preceding propofition find the curve, 

SP / s'p s"? " 

which a body agitated by forces /x j;^, /' X ^, Z'''' X ^-pp , 

&c. tending' to the points S, S', S^', &c. defcribes, and it will 
be the curve required. 

4. If the body moves in a curve of double curvature, and the 
forces/, /^ /", &c. tending to all the centers M, M'', M'', 
Mf^^ &c. be given ; from the fluent of the fiuxional quantity 

(/' rP*/' ^ lp*/" =< I?*/"' X ff^>0 X A (A deno- 
ting the fame quantity as before) =/x MPdt/''' X M'Pzt/*''' x 
M'P^f" X M"T,=fc&C. r=/x t>±=f X D'dr/^' X W'=i=f" X 

D'^^ir&c.sZrr-w (/,/', /'^ f, &c. being given 
funftions of D,'D^, D'', &c. refpeftively) can be deduced 
Jthe fquare of the velocity i::^ - 2% which will be a fundion of 

3 I^» 
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D, D', D'', D'", T>''", &c., and confequently a funaion of 
D, D', D''^, eafily to be derived : fubftitute this funftion - zz 

for v^ in the two following equations ^ =: F'' and -^-^rrF'^, 

where R'' and R'''' denote the radii of curvature in two different 
planes of which the tangent above mentioned in Prob. 4. art, 
4. is their interfe£tion, and F' and F'' the fum of the forces in 
lines perpendicular to the tangent, and in the refpedive planes : 
from thefe forces, calculated in terms of the diftances from 
three given points D, D', and D''' ; or in terms of two ab- 
fciffae and one ordinate, and from the radii R' and R'^ may 
be deduced two fluxional equations of the fecond order, ex- 
preffing the relation between three diftances D, D^, and D", 
&c. which may always be reduced to one fluxional equation of 
the fourth order expreffing the relation between one abfcifs and 
its correfpondent ordinates, or the diftances from two given 
points. 

5. The general fluxional equation expreffing the relation be- 
tween the diftances from two given points will be of the fourth 
order, if no fluents are contained in it ; for it admits of four 
different quantities to be afl'umed at will, or according to the 
conditions of the problem. 

6. if fome points, to which the forces tend, are fituated 
at an infinite diftance ; that is, fome forces always a6l parallel 
to themfelves ; from the given forces ading either to given 
points, or in parallel diredions, by the equation fx D:±=f^X 

i) ^=t=f ''' X D'^=i=&c. = - -u-y can be deduced the fquare of the 
velocity at a point P in terms of the diftances from two given 
points, or of an abfcifs and ordinate; if the centers, &c. and 
parallel forces are all fituated in the fame plane : or in terms of 
the diftances from three points, or two abfcifiTae and an ordi- 

M 2 IHtCs 
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nate, if fituated in different planes; from the centers, &c. 
and forces given, find the fum F of the forces in any direc- 
tion (PL) (the dire£tion of the tangent excepted) ading on 
the body at the point P, and the chord of curvature C of the 
curve at the fame point and in the lame dire£lion ; in the equa- 
tion ■y'' = I F X C for v^ fubflitute the value found before, and 
there refults an equation exprefling the relation between the 
diflances from two points, or an abfcifs and ordinate, &c. if 
the forces a<£t in the fame plane : but if the forces a£t in dif- 
ferent planes, find the fum F and F'' of the forces at the point 
P in directions which are not both fituated in one plane with 
the tangent and each other; and alfo the chords C and C of 
curvature in thofe directions in terms of the diftances from 
three points, or two abfcifTae and one ordinate, &c. In the 
equations -y'lri F x C and v^ = iF' xC^ for v^ fubflitute its 
value found from the principles before given; and there refult 
two fluxional equations of the fecond order exprefling the rela- 
tion between the diflances from three points, or two abfciflae 
and an ordinate, &c. 

PROP. VIII. 

Fig. 9. Let a body move in a curve P/, &c. and be aCled 
on at P'' by a force / (which is as any function of the 
diflance SPQ tending to S ; let the velocities at P and p be 
reprefented by the lines YP zndyp in the diredion of the tan- 
gents to the points P and /; refolve thefe forces YP andj/^ 
into two others Yk and ^P, and yl and /p, of which one ^Y 
zndyl is parallel to the line SL; the other kF and /p is pa- 
rallel to MP : let a body fall in the right line LS, and the 
force afting on the body at M' be to the force acting on the 
body moving in the curve at P" :: SM' : SP', and P'M", PM 

and 
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and pm be perpendicular to SL ; then, If the velocity of the 
body falling in the right line SL at the point M be iY, the 
velocity of the body at the point m adted on by the above men- 
tioned forces will be yh 

This is eafily demonllrated from the refolution of forces. 

2. Through S draw SN parallel to PM or pm, &c., and 
affume in the line (SN) SP-PM and S/>=/ot, and let the 
force at P' in the line SN and diftance rrMT' : the force of the 
body moving in the curve at the diftance P'S : P'M' : SP''; 
then if the velocity at the diftance SP = PM be Pi, the velo- 
city at the diftance S/* =pm will be pi. 

Cor. The force in the diredion of the line SL vaniflies in 
the point where a perpendicular SN to the line SL paffing 
through the point S cuts the /curve, and confequently the 
velocity in the dire£i:ion of SL in that point is the greateft or 
leaft, &c.; but if the tangent of the curve be perpendicular in any 
point to LS, then the velocity in the diredion LS is nothing: 
the lame may be applied to the velocity in any other diredtion. 

Ex. Fig. 1 o. Let a body move in the circumference of a circle 
SPA, of which the center of force is a point S in the circum- 
ference ; It is known, that the force In the diredion and at the 
diftance SP is as SP~5 ; but the force in the diredtion SP is by the 
hypothefis to the force in the diredion (SA) :; SP : SM, if PM 
be perpendicular to SM, and confequently the force in the 
diredion (SA) is as SM x SP-^ ; but if AS be a diatpeter, 
AS X SM = SP' ; therefore SM x SP-« = SM x AS-3 xSM-3 = 

-j-r-; and the diameter AS being given, the force in the line 

SA varies as SM-*, that Is, inverfely as the fquare of the dif- 
tance : if the force varies as SM"'*^*""*, then vv will vary as 
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_ % , where v denotes the velocity ; and v^ will vary as 

-i _ JL, which agrees with the fquare of the velocitv deduced 

* SA " 

from the preceding principles ; for v = PY the velocity at P is 
inverfely as the perpendicular SYrrSM let fail from the center 
of force on the tangent ; but SA^ : 2SP x PA :: velocity PY as 

— = —:?/ the velocity at M ; whence VT (the fquare of the 

, . .-V 4SP"xPA^ .,T)V2 u- u ■ 4SP^xPA* 

velocity at M) = —^r% — X PY'' which vanes as ^*— 0^5 — X 



4PA' 



'A* 4SA^-4.SAx* J r . i i , 
— ^ , -TTTT^ - ' 0,7 ^» ai^d conlequently as the 

SM* SA'XSM SA^Xx ^ ^ * SA 

lame as above. 

3. Fig. 9. If any number of forces a£l on a body at P in 
any given dire<3:ions parallel, or tending to given points ; re- 
folve all the forces into two others ; one in a given diredtion 
SM, and the other in a direftion PM perpendicular to it, of 
which let F be the fum of the forces refulting in the direOiion 
MmS, and /the furii of the forces refulting in the dire£lion 
PM ; refolve the velocity V of the body at P, which is in the 
the direction of the tangent PY, into two others V and N'\ 
one in the direction parallel to the line SM, and the other per- 
pendicular to it : in the fame manner refolve the velocity 1; of 
the body at^, which is in the dire£lion of the tangent^, into 
two others v' and v" ^ one in the diredion parallel to the line 
SM, and the other perpendicular to it: then if the velocity 
of the body moving in the right line SM at M be N\ and it is 
conftantly asSed on by a force = F, the velocity of the body at 
m will be'y^: and if the body move from P in a diredlion per- 
pendicular to SM with a velocity as V\ and be always aded 
on by a force/ the velocity at the diftance PM —pm will be 



n)". 
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Cor. From the forces given and the velocities in the above 
mentioned diredrons at the point P, can be deduced the veloci- 
ties in the fame diredions at the point/, and confequently the 
tangent to the curve at the point p. 

PROP. IX. 

1. Let the refiftance of a body, moving in a right line, be as 
any funftion V of the velocity v ; then will i = ^ , x — 

"^^^ ; where t, v, and x, denote the increments of time, velo- 
city, and fpace ; their fluents properly corredted will give the 
time and fpace in terms of the velocity. 

2. Let a body move in a right line, and be aded on by an 
accelerating force in that line, which varies as any fundion X 
of the diftance x from a given point ; and refilled by a force 
which is as any funftion V of the velocity x; into its denfity X'', 
which varies alfo as a fundion of x and v ; then will (X+^VX^) 
x=z — vVf from its fluent x can be found in terms of v, or v 

in terms of ;v; and thence /=—-^^—-, of which the fluent 

properly corre6ted gives the time, 

Ex. I. Let Vzzv'^ and X' a fun£l:ion of x; that is, let the 
refiftance be as the fquare of the velocity and denfity, whence 
(X + av'X')x— —vv, of which equation the fluential will be 

g/^axx X !^ — „ y^/"X'i X X^ + A, and if = 



*J V 



— i— '■ — + B, where A and B are 

invariable quantities to be aflTumed according to the condl-- 
tions of the problem. 

1.2. 
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1.2. Let f*=:X''and X = (^, which is fuppofed to correfpond 
nearly to the ilate of our atmofphere, then will -u^ = — 

2 X e-f"^'^ X fef"-"^^ X Xx = - 2 X e- ^ '■'"'' ^Te^^'^^ y, bx — - 
2f-j«*-*x /' /'^"'*'^*X^x4- A), ^ being the number, whofc 

hyperbolic log. is i, and h and A quantities to be aflumed 
according to the conditions of the problem. 

1.2. Let XsX', and it becomes 'Kx = -~'^ . and / = 



X(i+«V)* 

2. Let X be an homogeneous funftion of one dimenfion of Xy 
that is, = axy and V a fimilar fundion of n dimenfions of v, 
that is = b'lff and X'' a fimilar function of r dimenfions of x and 
•y, and « + rr: i ; then by fubftituting %x and its fluxion for v 
and its fluxion, can be found the fluent of the fluxional equation 
(X4-d!VX'')i= -w, and confequently the velocity and time 
by the quadrature of curves in terms of thefpace; and in like 
manner of many other cafes. 

3. Fig. 4. Let a body moving in a given curve ht afted on 
at any point P by a force/ tending to a given point S, and 
refifted by a medium proportional to V a fun£tion of its velo- 
city multiplied into its denfity X' a fundion of the diflance 
SP = D ; to find its velocity, time, and diftance from the given 

PY 

point S in terms of each other. Let F =/ x „p the force in 

the diredion of the tangent PY, and confequently (F + 

VX^) A = - vv, and v' ~iC y(.f, where A is the increment of 
the arc, and C the chord of curvature in the direftion SP ; but 
fince the curve is given, the chord of curvature may be de- 
duced from the diftance, &c. and the increment A of the arc 
from a fundion of the diftance multiplied into the increment 
4 of 
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of the diftance ; then, li f ox u be a given fundion of the 
diftance, the other may be deduced from it, and Confequently 

— V'v~(p: (D) xD will be a given fundlon of the diftance D 
multiplied into D, whence we have q> : (D)xD=;D(/k 
|-X''V) divide by D, and there refults an algebraical equa- 
tion, from which V xX^ may be found. 

If neither v nor jT be given, reduce the two equations 

( fx,!^^ -f VX') A=: -vv and v'=iCf into one, fo as to ex- 

terminate either f ox v and its fluxions, and there refults an 
equation expreffing the relation between the other v orf and D 
and their fluxions : from the velocity given in terms of D may 

be deduced the time from the equation t=.~. 

3.2. If the body be a£ted on by forces tending to more points 
S, S% S^'', S"'', &c. in the fame plane ; refolve each of the forces 
hito two ; one in the direction of the tangent, and the other 
perpendicular to it; let the fum of the forces in the direction 
of the tangent be F ; and in the diredtion perpendicular to it 
be F' ; and 2R the diameter of curvature at the point P, which 
will be given in terms of the diftances from two points, or of 
an abfcifs and ordinate, and their fluxions, &c. : aflume the 
two equations before given (F + X''V) A=-vv and -y^^sF'R, 
and lince A is always given in terms of D and D, if F and F^ 
be given in terms of D, D', &c. the value of V x X' may 
be acquired by a Ample algebraical equation : but if F and F' 
be not given, and confequently v not given, but V a given 
funflion of v, and X' a given function of the above mentioned 
diftances; then fubftitute fori; its value y^(F''R) in the func- 
tion V, and the fluxion of i F'R for w, and there will refult 
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an equation involving D and F' and their fluxions, and F ; but 
if the forces tending to all the points but one are given in terms 
of the diflance D, or abfcifs or ordinate of the curve, and their 
fluxions; then from F' can be found F, and, vice verfd^ 
from F can be found F', and confequently there refults a 
fluxional equation expreffing the relation between F or F' and 
the diftance D or D^, &c. or abfcifs or ordinate, and their 
fluxions. 

From F and F^, and confequently v being found in terms 

of D, D'', &c. can be deduced ^ = | . 

The fame method may be applied, if fome forces tend to an 
infinite diflance, that is, a£t parallel to themfelves, and others 
tend to given points. 

Ex. Let the accelerating force be diredly as the arc = x, and 

the refiflance uniform = ^; then will (x-a) x= — w, and 

confequently x* — 2ax + B = — v" ; let A be the arc, where the 

-velocity = o ; then will the equation A^ - zaA -x^ + 2ax = 1;% 



and the increment of the time i=z-= —rrrz 7 — --. * 

whofe integral is -— - X arc 6f a circle, of which the radius is 

A-<jand eof.=A: — ^, where A Is the dijlance of the point 
from which the body begins to fall, and the loweft point of the 
curve ; and the accelerating force a; - a is as the diftance from 
a point (a) of a curve, of which the diftance from the loweft 
is a. 

Cor. The times of the body falling from any point of the 
curve to a will be equal. 

Cor, The body on this hypothefis will either reft at the 
point a, or at the loweft paint, or any point between -fa and 
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va% for it may reft at anj? point, where the refifting force is 
ialways equal or greater than the accelerating force. 

Cor. Let « be the number of vibrations, then tht diftancc^ 
of the arc, to which it will afcend from the loweft- point at n 
vibrations, will be h-^ina", if A-2«4 be not greater thaii 
za, it will never pafs the loweft point. 

Philofophical enquiries require fome corrections, whieh do 
not enter into mathematical calculus; for example, in fbme 
cafes the calculus changes the quantities from negative to affii^- 
raative, &c. when from philofophical confideratlons ihey are not 
changed ; and, vice verfd, they may be changed to affirmative, 
&c. on philofophical coniiderations, when they are not changed 
from the calculus : and alio a body may ftop^ &c. from philo- 
fophical confiderations, as in the preceding example, when it 
does not follow from the algebraical calculus, &c« It is fur- 
ther to be obferved, that refiftances are always to be takeii 
affirmatively. 

Ex. 2. Let the accelerating force be as the arc, that is, the 
diftance from the loweft point, and the refiftance as the velo- 
city; then will the fluxional equation (F - V) A =— w be 
{ax — v) x= — vVf which is an homogeneous equation of the, 
firft order : write in it zx for v, and its fluxion for 1;, and 
there refults the equation (ax - zx) x ^ = - ^x'^z — z'xx, whence 

(a — z)x——zxz''z''xand-z: — -^—tf and thence log. ^= 
-I log. (a-z+z'') (W) -—L- xck, arc, whofe radius is 

- and tangent (z — i)+B, whence can be found v = x-z^ 



v'4a_ 



and from curvilinear areas /= - . 

V 
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If 4^ is lefs than i, then it becomes log. :v = W L=: X 

log. .'^.- — =^ + B; where B is an invariable quantity to be 

afl'umed accoiduig to the conditions of the problem. 

Cor. If the force be diredly as the diftance, or as the arc of 
the curve from the body to the loweft point, and the refiftance 
as the velocity ; then will the velocity in one arc be to the 
velocity in the correfponding point of another arc, as the arcs 
to be defcribed; and confequently the times equal. 

4. If the body is a£ted on by forces tending to points S, S^ 
S''', &c. fituated in different planes, then let F be the fum of 
the forces in the direftion of the tangent at the pohit P ; F'' 
and F'' the fum of the forces ading on the body in two dif- 
ferent diredions at the fame point, which are not fituated in 
the fame plane with the tangent and each other ; from the 

three equations (F + X'V) kz=-vv and ^ = fF' and ^'= iF'', 

in which the fame letters denote the fame quantities as be- 
fore, and C and C denotes the chords of curvature in the 
fame directions as the forces F' and F'^, which from the curve 
being given can be found at any point; and if F^ or F^' is 
given in terms of the diftance from a given point, or an 
abfcifs or ordinate, &c. the velocity v can be found in terms 
of the fame, and X''V by a fimple algebraical equation : if F' 
is not given, and V is a given fundtion of v, fubftitute in V 
for V its value ^(| CxFQ, and there refults an equation ex- 
prefling the relation between F (vt'hich can be deduced from 
F' or F'^) and the diftance of the body from fome given point, 
or the abfciflae and ordinates of the curve required, and their 
fluxions. 

If 
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If fome of the forces a,«9: in parallel dire6tions ; the forces, 
velocities, &c. may be found by the fame method. 

PROP. X. 

FJg.r I. Let a body be projefted in a dire£l:ion HL with a given 
velocity, and be adted on by a force in a diredtion parallel to AP 
=;*:, which varies as X a funfiion of x\ and alfo by another 
force in a direction parallel to MP=jv, that is, perpendicular to 
AP, which force varies as Y a fundion of y ; and let it move 
in a medium, of which the refiftance is proportional to the 
velocity; to find the curve defcribed. 

Find the fluent of (X + ^i)) x~ -w, which corredted ac- 
cording to the conditions of the problem {yi%. fo that v at the 
point H may be to the velocity of projeftion :: He : Hi5, 
where ^iT is drawn perpendicular to AP)fuppofe •y=:X''; find 



the fluent of — , which corrected fo as to become = 0, when 

;v=:AH, let be X''^ In the fatne manner find the fluent of 
(Y +^''1;') y—- v'v\ which corrected, fo that v^ at the point H 
may be to the velocity of projedion :: cb : H^, fuppofe v' =z 

Y' ', find the fluent of ~, which correfted fo as to become — o, 

when PM = 0, let be = Y'' ; affume X'^ = Y", and thence from 
X findjjJ : take AP = a; and PMrrjy, and M will be a point "in 
the curve, which a body projeded in the line HL dcfcribes ; 
and if Mm in the diredion parallel to HAP : mo perpendicular 
to it :: velocity -u : velocity v^, then will Mo be a tangent to 
the curve in the point M. 

2. If a body is adted on by forces tending to any given points 

S, S', S'^, &c. which vary as given funftions of their diflances 

from the body, and refifted by a force which varies according 

to a given fundion Y of the velocity (v) into its deafity X^^ 

4 where 
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where X' varies according to fome fundllon of the diftances 

from' the given poIntSs 4&c. ; to find the curve defcribed. 

I .From the diftancesof the body from two given points, or the 
abfcifs and ordinate of the. curve defcribed, and their fluxions, 
&c. find the forces afting in the direction of the tangent to 
the curve, and in fome other diredion, which fuppofeFand F''; 
and alfo the chord of curvature in the above mentioned direc- 
tion, which let be C; then from the equations (F-f-VxX^) 

A= -vv and v'^—iCx^ reduced into one by writing fjr v 
its value in the funftion V, and for •yi) its value deduced from 

the equation i;^ ==f C X F, and for A (the fluxion of the arc) 
its value deduced from the diftances, &c. will refult an equa- 
tion exprefling the relation between the diflances from two 
given points to the curve, or its abfcifs atid ordinates, and 
their fluxions. 

3. If the forces are not all fituated in the fame plane, then 
from thebefore given equation (F + VxX') A= - w, andthe 
two others v"- = f C x F^ and v"- — | C^F^'', where F denotes the 
force in the <3iredion of the tangent, and F' and F''' are the 
forces in different direfliions, which both are not fituated in the 
fame plane with each other and the tangent, and in which 
directions the chords of curvature are refpeiSlively C and 

C ; fmce the quantities F, F^, and ¥'' ; C and C and A (as 
proved before) can all be exprefled in terms of the diftances 
from three given points, or from two abfciflae and one ordinate, 
and their refpedive fluxions ; may be deduced two fluxional 
equations expreffing the relation between the diftances from 
three given points, or two ablciffae and an ordinate, &c. 

The fame principles may be applied to cafes, in which fome 
of the forces ad in parallel directions. 

I On 



Centripetal Forces, 



On moveable Ceniers. 



PROP. XI» 

I. Given the refpedive places of («) bodies S, S'', S'''', S"% 
&c. in the curves A, A'', k'\ A"\ &c. at the fame time, 
and in the fame plane, and the forces of all the bodies aftiiig 
on S, except two, S' and S'^ ; to find the forces of the fw6 
bodies S' and S''^ on the body S. 

This propofition may be refolved by the method given in 
Prop* 4. for to produce the fame efFedl the fame finite forces 
will be requifite, whether the centers of forces reft or move in 
given curves. 

1.2. If the bodies S, S', S^'', &c. move in different planes, 
then all the forces a£ting on the body, except three, may be 
given, which may be acquired from the method given in the 
fame propofition. 

Hence it appears, that za forces may be requifite to be found 
from the conditions of the problem to determine all the bodies 
to move in their refpeftive curves, when they, are all fituated in 
the fame plane, and that 3 x.« forces may be requifite in 
different planes, &c. if the force of one body (S') on another 
(S'Q does not at all depend on the force of the fame body. 
(S^) on any other (S'^^) ; and if the fame can be pr^edicated of 

the reft, then « . « - 3 forces of the above mentioned bodies in 

the fame, or « . « — 4 forces in different planes may be affumed 
at will. 
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3. If the velocities -y, v'^ v'\ &c. at every point of the arcs 
^, a\ a'\ &c. of the («) above mentioned curves A, A', A'^, 
&c. be given in terms of their arcs, abfciffae, or ordinates, 
&c. and the places in which the bodies are iituated at the 
fame time in the arcs b, b', b'\ &c. of fome other curves B, B'', 
B'% &c. find the correfpon ding velocities V, V, V^', &c. at 
the fame time of the bodies in the curves B, B% B^^, &c. ; 

then make — = — = -77 = &c. = — , or which is equal to it = 

i_or=-7; = &c. From the fluents of the fluxional equations 

refulting properly corrected will be found the arcs «, a\ a'\ 
&c. defcribed by the bodies in the curves A, A', K'\ &c. in 
the fame time as the correfpondent arcs b^ b\ b" &c. ; and 
from thence, by the method given in the preceding cafe, may 
be deduced the forces. 

The fame principles may be applied to bodies moving in re- 
fifting mediums. 

PROP. XII. 

Given the law of the forces of two bodies a£ling on each 
other, to find the two curves by them defcribed. 

Fig. 12. Affume x andjy for the abfcifs (AP^ and ordinate 
(PM) of one curve, and % and u for the abfcifs (AP') and 
ordinate (P'M') of the other ; where the abfciflae AP and AP' 
begin from the fame point A, and are fituated in the fame line ; 
then will the diftance (DrrM'M) between the bodies = 
v/z=t:A;'' + v/wzfcjy ) ; let the forces of the body placed at M on 
that at M', and of the body placed at M'' on that at M vary 
as (J) : (D) =F, and (p^ : (D)=:F'; andlet M/ = i and/m— j); 

then will cofine of the angle wMM^ to radius (i) be^^ x 

y 
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, — JL--=h:lz^ X - ■ •r - z v: ^g ; and confequeiitly the force in 

the dirediou of the tangeftt Mm will be c^ x F, whence — vv 
izcxFy. s/x" + j* (A) and -u'- i CF, where C is the chord 
of curvature in the diredion of the force (F) =v/i-c' 

X 2 T"^ ■■ ■ " ; and v the velocity of the body in the curve, 

whofc abfcifs is x and ordinate y. 

In the fame manner let "-^ x ~-r ^—^ -±=.'^.^ x — ——~ -=zc\ 

the cofine of the angle made between the diftance MM' and 
arc of the curve of which the abfcifs is 2; and ordinate », and 
confequently c' x F' will be the force in the diredion of its 

tangent, and therefore - v'v' =» c' x F'' x \/2;* + «' (A) and v"' =" 
1 CF', where 0/ is the chord of curvature iu the diredion of 

theforce^F')=v^i -g'" x 2 ^'^.T" "L - , and i)' the velocity of 

the body in the curve whofe abfcifs is z and ordinate u ; then, 
becaufe the times of defcribing correfpondent arcs in the two 
curves are equal, their increments will be equal, and confe- 

quently / = — -i^= -, — ; and there are deduced five 

fluxional equations, containing fix variable quantities v, v' ; ^, 
y ; z, and «, and their fluxions ; reduce thefe equations, fo that 
four of them (-y, v\ &c.) may be exterminated, and there will 
cefult an equation exprefling the relation between x and y 
the abfcifs and ordinate of one curve, or % and u the abfcif$ 
and ordinate of the other curve, and their fluxions; the 
fluential equation of which being found, and properly cor- 
refted, gives the equation to the curve. 
Vol. LXXVIIf. O The 
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The five equations are eafily reduced to three by extermi- 
nating the quantities v and v'. 

The fluxlonal equation refulting will moft comraonly be of 
the fifth order, as evidently appears from the riature of the 
problem. 

2. The fame principles may be applied to determine the 
curves, when the bodies move in mediums, of which the 
refinances are given : for example, fuppofe the refiftances to 
vary as a fundion of the dlflance from a given point into a 
funftlon of the velocity : to the forces in the dire6:ions of the 
tangents contained in the preceding cafe mufl be added or fub- 
tradled the given reiiltances for the forces in the dire<5lIons of 
the tangents, and the remaining procefs will be the fame as is 
before given. 

If two bodies defcribe fimilar orbits round a common center, 
either quiefcent or moving uniformly in a right line ; the forces 
and velocities and refiflances of the medium will be to each 
other in correfpondent points as their refpe6tive diflances from 
thecenter. 

PROP. XIII. 

Given the forces ading on any bodies, and tending to points 
either moveable or quiefcent, or in the dire£lion of the tan- 
gents, &c. ; to find the curve defcribed by one of the bodies. 

I. AfTume X andjy for the abfclfs and ordinate of the curve 
required, and from thence may be deduced the diftances from 
any quiefcent center of force, and confequently the force/ in 
that direftion ; refolve it into two others, one in the direftion 
of the tangent, and the other in a different one; for example, 
let it be in a direftion perpendicular to the tangent, and from 
their fluxions x and j, and the force / may, by the method 
3; before 
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before given, be deduced the forces In the two above raentionec! 
dire£lions ; and in the fame manner may be found from x, j, 
X, andj)/, the forces in the direftions of the tangent and per- 
pendicular to it, which follow from all the forces tending to 
given points, and acting on the body moving in the curve to be 
inveftigated. 2. If fome of the centers of force move in 
given curves B, B', B'^ &c. whofe arcs let be denoted 
by B, B', &c. and their refpeftive places at the fame time 
are given ; then from their refpe£live places given and forces, 
and X and y,. and x and y, can, as before^ be deduced the 
forces in the direction of the tangent and its perpendicular to 
the curve required. 3. If other centers of forces move in 
given curves A, A', K'\ &c. and the velocities are given at 
every point of the curves; let A, A', A", &c. be the arcs of 
the curves A, A', A'''', &c. and fuppofe v, v\ v'\ &c. their 
correfpondent velocities; then, if the increments of the time 

be p;iven, will — =z— , r:— r,=&c. but as the velocities are given 

" V V V 

at every point of the curves, v in the curve (A) will be given 
in terms of its abfcifs, ordinate, arc, &c. and confequently 

;"— in terms of the fame quantities and their firft fluxions ; the 

. A' A" 

fame may be affirmed of the fluxions -7-, -77, in the curves A^, 

A", &c. ; hence, from the equation —=-/, can be deduced 

the relation between the abfcifs or ordinate, &c. of the curve 
A and its correfpondent abfcifs or ordinate, &c. of the curve 
A'' ; and fo of the remaining curves ; hence this cafe is reduced 
to the preceding ; but it is neceflary alfo, that the times of the 
bodies in the two cafes fhould be the fame, in order that the 

places may correfpond, and confequently — = ^s where V 

O 2 denotes 
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denotes the velocity of the body ^t any point of the curve B 
from which equation can be deduced the correfpondent abfciffb 
and ordinates, &c. of the curves B and A ; and thence 
the two cafes ai"e reduced to the preceding, whence the 
correfpondent forces in the direftions of the tangent, and per- 
pendicular to it, can be found as above. 4. if fonie {tTt) of 
the centers move in curves L, L', U't &c to be deduced from 
the laws of the forces being given which aft on them ; affume 
z and u, %' and u\ %" and ti!' ^ Sec. for their refpedivc abfciffae 
and correfpondent ordinates ; and from them andj)/ and x, y an<i 
Xy find the forces a£ting on the body moving in the curve re- 
quired in the direftion of the tangent, and perpendicular to it,. 
as before ; then add all the forces deduced which aft perpen- 
dicular to the tangent and alfo all contained in the direftioui 
of the tangent together with the refifl:ing force in the fame 
direftion, and let the fums refulting be refpeftively F and F^ :; 
by the fame method find the fum of the forces which aft on the 
bodies moving in L, L', \J\. &c. in the direftions of the tan* 
gents, and perpendiculars to them, which fuppofe S and J,.S' and 

/, S'"' and j^^, &c.; then reduce the 2 (w+ 1) equations of the 

1 1 

formulae found above, •vi%, ?/— Fx .. ■ '' — and; — -y-errF" 

■yx—-i:y 



k'-^-ii 



s/k^^y" J r'* = J X 7 _.; and ~ v'v'tzz^ x \/z + a* ; v' 



/ X -iil-^ and - v'' X ^'' = S' X ^/z"'+u^'\ &c. j where v^ 

it' %' — k'u' 

i/^ v"i v"\ &c. refpeftively denote the correfpondent velo- 
cities of the bodies moving in the €urves, whofe abfeifTae are 

X, 5K, %\ %'\ &c. ; and alfo the (w + 1) equations |- = " ^\ = 

— pr— = ' ^/> — s: " ^Z ! "' =.&c. containing the 3 («,+ r ) 

7 +* 
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4-1 variable (juantkies a; and jy, a and a, z'andia',, s"' and «^^, 
&c., VfV\.v", &c., and the variable quantity contained" in 
B and; V, into one, fo that all the variable quantities except x 
and J and their fluxions, may be exterminated,, and^ there re- 
fults an equation to the curve required expreffing the relation, 
between x and y its abfcifs and ordinate, and their fluxions. 
5. If the forces are not fituated in the fame plane, alTume X,, 
X and J, for the two abfciflae and ordinates. of the curve re- 
quired ; and Z, a and u ; Z', %' and u^ ; 7/\, z" and a'^ ; &c. 
for the two. abfciflb and ordinates of the {m) curves L, U,, 
\J\ &c. refpedively ; and from- the preceding method majf be: 
acquired the 3 (w+i) equations -y'rrF xC„ -y^iziF'xC',. and 

- vv=.W X v/X^ + x^ +_)/'• ; v'^=:S X C -u'^^o-c' and -^v'v' 
= sxs/7JT¥^n 'u''* = S'C'' = o-V' and -v^'i/' ==5' x^ 
^(Z'^ + 2;'^ + «'*); 'y"''»=S^^C'''=irV and -•u''V=/^x: 

^(Z''^^ + z^'^+«'^') J ^"^^ » ^" which -u denotes the velocity in. 
the required curve, and 1;^ i?'''', v"'\ &e. the eorrefpondent. 
velocities in the curves L, L', L'^, &;c. ; andF, F% and F''''; 
S, a- and J ; S', «•'' and i' ;, S'', or" and j^' j &c. denote the forces, 
ading on the refpeiSive bodies in two different planes and in 
the tangents, which planes, cut each other in the tangents of 
the curves; and C and c, &c., C and c\ &c., C" aiid £''',, 
&c. the I chords or radii of curvature in Ihofe two planes to the 
different curves in the diredlions of the forces ; and alfo the 

{m + I ) equations before mentioned y = -■ = 



Ty u T X. T'* 

V 



JL£±f±L = &c. J where v^X' ^rx +/. ^Z' + z'* + u\ 

&c. are the fluxions of the arcs of the required curve,, and of 
the curves L, L', L", &c. reduce thefe 4'»+4 equation* con^ 

taining; 
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taining 4/« + 5 variable quantities into two, fo that all the varia- 
ble quantities except three, X, .r, andjy, and their fluxions may 
be exterminated ; and there refult the two equations required. 

It may be obferved, that when the refiftance arifing from 
the denfity of the medium and velocity (y) of the body varies 
as X' X -y'' + X, where X and X^ are as fundionsof the diftances 
from given points, the refolution of the fluxional equations 
will generally be more eafy, than when the refiftance varies as 
other fun£lions of the velocities. 

If the force acts equally on, the particles of the body and 
fluid, then the force by which a body defcends in a medium is 
as the whole force X afting on the body at the given dlftance 
multiplied into a fraSion whofe numerator is the difference be- 
tween the denfity of the body (D) and fluid (X') at that dlf- 
tance and denominator D, that is, as X x —^ — . 

Many cafes might have been given, in which the fluxional 
equations could have been refolved ; but in general their fluents 
can only be found by means of converging ferlefes. 




